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Unigueness theorem for generalized Maxwell electric and magnetic black holes
in higher dimensions
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Based on the conformal energy theorem we prove the uniqueness theorem for static higher dimensional
electricallyandmagneticallycharged black holes being the solution of Einstein-@)-gauge forms equations
of motion. Black holes spacetime contains an asymptotically flat spacelike hypersurface with compact interior
and nondegenerate components of the event horizon.
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[. INTRODUCTION n-dimensional black hole unigqueness theorem, both in
vacuum and charged cag@4—27. The complete classifica-

The problem of classification of nonsingular black holetion of n-dimensional charged black holes having both de-
solutions was first raised by Isragl], Miller zum Hagen generate and nondegenerate components of event horizon
et al.[2], and Robinsori3], while the most complete results Was provided in Ref[28]. Proving the uniqueness theorem
were proposed in Refi4_8] The C|assiﬁcation of Static for Stationaryn'dimensional black holes is much more com-
vacuum black hole solutions was finished[8], where the ~Plicated. It turned out that generalization of Kerr metric to
condition of nondegeneracy of the event horizon was re@itrary n-dimensions proposed by Myers-Pef@] is not
moved. In Ref[10] the Einstein-Maxwel(EM) black holes ~ Unique. The counter.example'shovv'mg that a five-dimensional
were treated and it was shown that for the static electrofOtating black hole ring solution with the same angular mo-
vacuum black holes all degenerate components of the eve entum and mass but the horizon of which was homeomor-

horizon should have charges of the same signs. phic to S°xS' was presented ifi23] (see also Ref[29).

The problem of the uniqueness black hole theorem forRecently, it has been established that Myers-Perry solution is

stationary axisymmetric spacetime was considered in Refthe unique black hole in five-dimensions in the class of
. spherical topology and three commuting Killing vect38].
[11]. But the complete proof was delivered by MaZd2] pner pology uting Killing vecttss]

d . f . fh .  black The uniqueness theorem for self-gravitating nonlinear
and Bunting 13] (see for a review of the uniqueness of black ,qgels in higher dimensional spacetime was obtained in
hole solutions story s€él 4] and references thergin

e _ [31]. The n-dimensional black hole uniqueness theorems for
Due to the attempts of building a consistent quantumg,persymmetric black holes in five-dimensions were given in

gravity theory there was also resurgence of works concerningefs. [32].

the mathematical aspects of the low-energy string theory |n Ref.[22] it was pointed out that a black hole being the

black holes. The staticity theorem for Einstein-Maxweel ax-sgurce of both magnetic and electric components of 2-form

ion dilaton (EMAD) gravity was studied in Ref15]. Then, F  was a striking coincidence. In order to treat this problem

the uniqueness of the black hole solutions in dilaton gravityin n-dimensional gravity we shall consider baghectric and

was proved in work§16,17], while the uniqueness of the magnetic components of if—2)-gauge formF,
static dilatonU(1)? black holes being the solution df We !

=4,d=4 supergravity was provided ifl8]. The extension

ceeMp_2"
shall comprise the uniqueness aléctrically and mag-

: i N netically charged staticm-dimensional black hole solution
of the proof to the theory to allow for the inclusion d{(1) containing an asymptotically flat hypersurface with compact
static dilaton black holes was established in R&€]. interior with nondegenerate components of the event hori-

The recent unification attempts such as M or string theory, ;. The main result of our paper will be the proof of the

reveal the_ concept th.at our.Unlverse may be a brane Or,defeﬁhiqueness of static higher dimensiotctricallyandmag-
emerged in higher dimensional geomet < E8 heterotic  haticallycharged black hole containing an asymptotically flat

string theory at strong coupling may be described in terms ofyynersyrface with compact interior and nondegenerate com-
M-theory acting in eleven-dimensional spacetime W'thponents of the event horizon.

boundaries where ten-dimensional Yang-Mills gauge theories

reside on two boundarig¢20]. One hopes, that this idea will

be helpful in solving hierarchy problem. All these trigger the Il. HIGHER DIMENSIONAL GENERALIZED
interests in higher dimensional black hole solutions. The so- EINSTEIN-MAXWELL SYSTEM
called Tev gra_lvity attracts attention to h_igher dimensiona_ll In this section we shall examine the generalized Maxwell
black hole which may be produced in high energy eXpe“'(n—Z)-gauge forme in n-dimensional spacetime
ments[21]. M1 Hn-2

The considerable interest was also attributed tof€Scribed by the following action:

I= f d"xv—gl WR-FZ ], @
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whereg,,, is n-dimensional metric tensoF,_,=dA,_3) = _ B3w. . _
is (n—2)-gauge form field. The metric ofi-dimensional Vi ( W s ) 7 2 ez (10)
static spacetime subject to the asymptotically timelike Kill- N N2

ing vector fieldk,= (/dt), andV?=— k,k* can be written

in the following form: where we have denoted=k  k*.

In an asymptotically flat, globally hyperbolic spacetime
24121 A Ay with compact bifurcation surface and strictly stationary, sim-
ds’=—V°dt T dxdx, @) ply connected domain of outer communicati@y ) (i.e.,

2_ t= . L
whereV and g;; are independent of thecoordinate as the v k,k"=0) one has tha{.7)) is static if

quantities of the hypersurface of constant. wj, . . ,=0 = K'Rypgk,=0. (11
The energy momentum tensor of the—<2)-gauge form
T,,=—8S/\J—gd8g*” yields This statement can be verified by the direct use of equations
v . . . . -
of motion and by using the stationarity conditions for
. Yuv s Fojuy .. ou_, with respect to the Killing vector fielk,,
TMV:(n_Z)FMiZ...in,ZFV 2 n72_7F(n—2)' (3) namely
LyuFu  p ,=0. (12

In our consideration we shall take into account the asymp-
totically flat spacetime, i.e., the spacetime will contain aThen, by the direct calculation one can check tﬁggkﬁ
data set ¥ .nq,0i; ,Kjj) with gauge fields oF ,_,) suchthat =0 and this provides the statement. In our paper we deal
S ong is diffeomorphic toR" ! minus a ball. The asymptoti- Wwith the static charged black hole case which implies that in
cal conditions of the following forms should also be satis-static domain of outer communicatidqi7 )) the right-hand

fied: sides of Eqs(9) and(10) are equal to zero. Having in mind
the exact form of the metric tens(®) on the hypersurfac®
|9ij—5ij|+r|¢9agij|+ M d,  a gij|+r|Kij|+ . orthogonal to the Killing vector fielk, and assuming the
Lo only one nontrivialelectric component of the {—2)-form
. 1 Foug . on asAy1  n-2= ¢(x) and for themagneticpoten-
+r |aa1 = -amKiJ|SO L (4) tial By= <93vkg(x), we get the following equations of mo-
tion:
IFi, i lHrlaaFi i - +r™da s Fio o . n—3)>2 .
1 n—-2 1 n-2 1 m 1 n-2 (g)vl(g)vlvz( V ) (Q)V,¢(9)V'¢
1
$O( —) . (5) 2(n_3)
r? 2 Yy gloyi
gy VeV, (13
We defineelectric (n— 3)-form by the following expression: 1
. OV (QVyig=_(0y 4 @yiy, 14
E. . —F . Kno © V=g Vi (14
1 n-3 1 n-2
. o1 .
andmagneticl-form as Wy @yig= v(g)Vig(g)V'V, (15
1 . . @y@yy n-2
- X . I ... 0h— _
By= /—Z(n_z)! ek,ull...lnsz 1 2kH, (7) (n l)Rij: 'V I 2 (g)Vi¢(g)Vj¢

\li\i/ﬁir:r;tr\c/):;g? ?le?g Iize rotatiom - 3)-form of the stationary N %@w(g)viqs— é(g)vig(g)ng
o (72 Ry KY Yij i
O, melz---ln—zl“’?’k Vk?. (8) +m(g)vig(g)v g. (16)
Directly from the definition(8) and definition ofelectricand ~ The covariant derivative with respect tg; is denoted
magneticforms and equations of motion fon¢ 2)-gauge  bY V. while ""1R;;(g) is the Ricci tensor defined on the

form we find equations of motion fanagneticl-form By hypersurface:. _ _ _
Let us assume further that in asymptotically flat spacetime

Eiz in2g there is a standard coordinates system in which we have the
af Ba| _ '2-'n-2 usual asymptotic expansion
VAN N : ©)

1
. _ v=1- 240 , (17)
and similarly forelectric(n—3)-formE; pn-3 n-2
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and for the metric tensor

gij=

2

While for electric and magneticpotential one gets respec-

tively
QIC, 1
b= yn-3 +0 pn-2/’
_PIC, 1
- pn-3 pn-2/’

whereC;=n-3, C,=2(n—3)/n—2, u is the ADM mass
seen by the observer from the infinitQ) is the electric

charge P is magnetic charge while?=x;x'.

(18)

19

(20

Let us define the quantities in the forms as follows:

1 1 (n—2)¢?

= VYT TV )
_ n—2¢
0_ V L

2|0V Vv
and
V= % v+ %— 2(n:/3)gz},
M MR L |

(21)

(22

(23

(24)

(25

(26)

Furthermore, if we define the metrig,g=diag(1,-1,— 1),

one can check that

(DA(I)A:\I’A\I’A: —-1.

(27)

Next consider the following conformal transformation:

~ 2
g;j = Vn=3g;; ,
and introduce the symmetric tensors written as
G =N 1V0_,—VidVj@o— Vi@,V 0y,
and similarly for the potentiall’ o

A S AR A AP AA

(28)

(29

(30

PHYSICAL REVIEW D 70, 044023 (2004

whereV, is the covariant derivative with respect to the metric
E]ij . By virtue of relations(29) and (30) the field equations
imply

V2P,=G, '@, V2¥,=H, ¥, (32)

whereA=—1,0,1, and it is straightforward to establish that
the Ricci tensor of the metriﬁij can be expressed as

M. (32

In the next step we study the conformal transformations
given by the expressions

Py = ¢0d3g; Vo= Yod%g,, (33

where the conformal factors are determined by

(34

Just one gets four manifolds3{, ‘I’gﬁ), =2, ‘I’gi}),
(E‘E,ng), Y, Yg;). Pastng E?,%g;) and
Y, ‘I'gij) across the surfacé=0 we can construct regular
hypersurfaces 3*=3%U3® and 3¥=3Yus¥. If
(%,0ij,®a,¥,) are asymptotically flat solution of Eq&31)
and (32) with nondegenerate black hole event haorizon, our
next task will be to check that total gravitational mass on
hypersurface¥ ® and3 " is equal to zero. In order to do this
we shall implement the conformal positive mass theorem in
higher dimensiong25,33. Now using another conformal
transformation given by

éﬁ:[(tbwi)2( \I/wi)Z}\]ll(n—3)(l+)\)§ij , (35)
it follows that the Ricci curvature tensor on the space yields
(1+ }\)ﬁz [ @wi \I’wi)\]fll(n73)(l+)x)( <I>w[t2/(n73)] (IDR

A
v [2/(n—-3)]¥
+N ol R)+ S

n—-2\ .
m)(viln(bwt

—VInYw ) (Vin®w, -VinYw.). (36)

For this stage on we shall take=1/n—3.

The close inspection of the first term in E@6) reveals
that it is non-negative. Namely, one can establish that it may
be written in the form as follows:
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C2NITORy )\ ¥ H-VR g;;dx dxX = p2dV2+ hpgd X dxE.

n—2|| @S0 _,—@_,Tdg|* N o .
=\5=3 o1 ‘ Thus, it is clearly seen that the embedding is hyperspherical.
n 1= Of course one can always locate one connected compo-

< = 2 nent of the horizon at=r, surface without loss of general-

=2) YV _ -V _, V¥ . 0
(n )2 on--1 1 0‘ (37)  ity. Thus we have a boundary value problem for the Laplace
(n=3) V=l | equation on the base spaBe=E""1/B"~! with the Dirich-

let boundary condition(the rigid embeddind34]). Let ¢/,
andi/, be two solutions of the boundary value problem. By
successive use of the Green identity and integrating over the
volume element we find

Applying the conformal energy theorem we draw a con-

clusion that §¢, ®g;), (¥, ¥gj;) and €,g;) are flat and

it in turns implies that the conformal factdte= Yo and

®,=V¥,. Furthermore ®y=constd_,; and ¥,

=constW _,;. Just the above potentials are functions of a P

single variable. Moreover,Athe manifol (g;;) is confor- (f _j )(ul_UZ)a_(ul_u2)dS

mally flat. We can rewriteg;; in a conformally flat form r—e JH r

[24,25, i.e., we define a function f
) = | IV(th—Uy)|?dQ. (4D
g =un=Ieg; (38) @

wherelt/=(®w. V) Y2 Just, it turned out thaR is equal to The surface integrals vanish due to the imposed boundary
zero provided the Einsteim(-2)-gauge form equations of conditions provided that the volume integral must be identi-
motion reduced to the Laplace equation on the-()  cally equal to zero.
Euclidean manifold Hence the preceding results can be collected in the fol-
_ lowing:
Viviu=o, (39 Theorem Consider a static solution t»-dimensional Ein-

. . . S in h—2)- form ion of motion
whereV is the connection on a flat manifold. Having in mind St_e ¢ ) ga-uge ° SF"l, g, SQUAtion of motio
the above equation we can imply the following expressionW'th only electric and magneticcharge. Let us suppose that

for the flat base space: we have an asymptotically timelike Killing vector fiekd,
orthogonal to the connected and simply connected spacelike
Pgi;dxXdx = p2dis2+had X dxE, (40)  hypersurfac&. The topological boundaryZ of X is a non-

empty topological manifold withg;;k'k!=0 on d%. Thus,
The event horizon is located at somfe- const and one can we obtain the following conclusion.
show that the embedding ¢f into the Euclidean if—1) If 9% is connected, then there exist a neighborhood of the
space is totally umbilical34]. Each of the connected com- hypersurface®, which is diffeomorphic to an open set of a
ponents of the horizort{ will be a geometric sphere of a generalized Reissner-Nordsnononextreme solution with
certain radius. The radius can be determined by the value aflectricandmagneticcharges provided by the adequatec-
pl+, wherep is the coordinate which can be introduced ontric and magneticcomponents of the gaugen{ 2)-form
2, as follows: F
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